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Abstract 

We study the number of meromorphic functions on a Riemann sur- 
face with given critical values and prescribed multiplicities of critical 
points and values. 

When the Riemann surface is CP^ and the function is a polynomial, 
we give an elementary way of finding this number. 

In the general case, we show that, as the multiplicities of critical 
points tend to infinity, the asymptotic for the number of meromorphic 
functions is given by the volume of some space of graphs glued from 
circles. We express this volume as a matrix integral. 

1 From functions to constellations 

In this section we sketch the more or less standard construction that allows 
one to reduce the enumeration problem of meromorphic functions to a com- 
binatorial problem of enumerating constellations. In the sequel we will be 
concerned with the latter problem. The construction is based on the Riemann 
existence theorem, exposed, for example, in 0. 

Consider a compact connected Riemann surface S and a non-constant 
meromorphic function / on it. The function / can be considered as a ram- 
ified covering of the Riemann sphere CP^ by the surface S. Denote by 
Wi, . . . ,Wk G C the finite ramification points of the covering. (The point 
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oo G CP^ might also be a ramification point.) Let G C be a finite non- 
critical value of /. Choose k non-intersecting paths on the plane, connecting 
wq to the points wi, . . . ,Wk. The cyclic order of the paths at the point wq 
should be equal to the order 1^1,...,^^. 

Definition 1 A star of loops on the complex plane is a set of k non- intersecting 
closed loops /i, . . . /fc of the following form. Each loop U starts at wq, follows 
the path from wq to Wi, goes around Wi in the counterclockwise direction, 
and then goes back to Wq following the path. A star of loops is shown in 
Figure |l[ 

In the sequel we suppose that the points 1^0,^1, ■ ■ ■ ,Wk and the star of 
loops are fixed once and for all. 




Figure 1: A star of loops. 



The preimage under / of the loop k surrounding the critical value Wi is 
composed of several curvilinear polygons on the Riemann surface S. The 
vertices of the polygon are the preimages of Wq. Its sides are the preimages 
of the loop li. Each polygon surrounds a unique point z such that f{z) = Wi. 
If the polygon has more than one side, the corresponding point is critical; if it 
has only one side, it is not. Now we take the preimages of all the loops li and 
erase all the 1-gons. We say that the polygons that compose the preimage of 
li are of color i. 
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Thus, on E, we obtain a graph consisting of polygons colored in k colors, 
each polygon having at least 2 sides and surrounding exactly one critical point 
of /. The vertices of the polygons are the preimages of wq. The polygons 
meeting at a vertex are all of different colors, and the cyclic order of the 
polygons meeting at a vertex is given by the increasing order of colors. 

Definition 2 A k- constellation is a connected colored oriented graph con- 
sisting of oriented polygons (with at least 2 sides each) colored in k colors 
(from 1 to k) and such that no two polygons of the same color share a com- 
mon vertex. 

A constellation can be uniquely (up to a homeomorphism) embedded into 
a (compact connected oriented) surface in such a way that (i) if we cut the 
surface along the constellation we obtain a union of domains homeomorphic 
to open discs, (ii) every polygon of the constellation surrounds one such disc 
and is oriented counterclockwise with respect to this disc, (iii) the cyclic 
order of polygons meeting at every vertex coincides with the increasing order 
of colors. 

Definition 3 The embedding satisfying the conditions (i), (ii), and (iii) is 
called the natural embedding of a constellation. 

It follows from Riemann's existence theorem that (once the star of loops 
is fixed) a constellation uniquely determines the couple (S, /) up to a bi- 
holomorphic equivalence. The part of S exterior to the polygons consists of 
several connected components corresponding to the poles of /. They will be 
called faces. 

If S is a sphere and / a polynomial, the corresponding constellation is 
of a particular form, because oo is always a critical value of / and its only 
preimage is oo. One can easily see that the constellation is, in that 
planar "tree" consisting of colored polygons. Such a constellation is called a 
cactus. 

Definition 4 A k-cactus is a constellation that has no cycles other than the 
polygons it is glued from. 

The surface of the natural embedding of a cactus is a sphere. Once a 
star of loops is fixed, a cactus determines the polynomial / uniquely up to a 
change of variable f{z) i— > f{az + b). 
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Thus the problem of enumerating meromorphic functions can be reduced 
to a combinatorial problem of enumerating cacti and constellations, and we 
will concentrate on the latter problem from now on. 

2 Spaces of gluings of circles 

The idea of this section is to replace by circles the polygons that compose 
cacti and constellations. The circles will be endowed with elements of length. 
This corresponds to letting the numbers of sides of the polygons tend to 
infinity. The number of cacti or constellations will be replaced by the volume 
of the space of possible gluings of circles. It turns out that these volumes are 
easier to compute then the numbers of cacti and constellations. 

Definition 5 A circle constellation is an oriented colored graph with non- 
negative lengths assigned to all edges, obtained by gluing together (at a finite 
number of points) several circles of given lengths colored in k colors from 1 
to k. Two circles of the same color cannot share a common point. 

Definition 6 A circle cactus is a constellation of circles that has no cycles 
other than the circles themselves. 

As above, a circle constellation (or a circle cactus) has a unique natu- 
ral embedding into a compact surface (a sphere), satisfying the same three 
conditions as for ordinary constellations: (i) if we cut the surface along the 
circles we obtain a union of domains homeomorphic to open discs, (ii) each 
circle of the circle constellation surrounds one such disc and is oriented coun- 
terclockwise with respect to it, (ill) the cyclic order of circles at every vertex 
coincides with the increasing order of colors. 

The connected components of the part of the surface exterior to the circles 
are called faces. 

Suppose a set of m oriented colored circles with fixed lengths is given. Let 
us fix a genus g and a number of faces p. We can then consider the space of 
all possible gluings of the circles that give a circle constellation with p faces 
on a surface of genus g. 

Proposition 7 The set of circle constellations of genus g with p faces glued 
of a given set of m circles has a natural structure of a singular smooth non- 
compact manifold of dimension d = 4:g — 4 + 171 + 2p with a volume measure. 
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Proof. First wc will describe the space of circle constellations with num- 
bered vertices. Such constellations do not have nontrivial automorphisms, 
which simplifies the description. 

Let us describe the smooth part of the space of circle constellations. A 
circle constellation belongs to the smooth part if all its circles intersect only 
two by two. In other words, three circles never share a common vertex. Let 
Xi, . . . ,Xg be the lengths of the arcs into which one of the circles is divided 
by the vertices. The sum of these lengths is equal to the length of the circle 
(which is fixed), but, for example, the first q — I lengths can take arbitrary 
values in an open domain in ]R^~^. Thus, taking for each circle the lengths 
of all its arcs except one, we obtain a set of local coordinates of the space of 
circle constellations. It is easy to check that the total number of these arcs 
is indeed equal to d. 

Now consider a smooth family of circle constellations depending on a 
parameter t, such that, as t tends to 0, the lengths of some of the arcs tend 
to 0. Then the gluing that we obtain in the hmit is still a gluing of the same 
circles embedded into a surface of genus g with n faces, but the cyclic order 
of the circles at the vertices is not necessarily the same as the increasing 
order of the colors. If the cyclic order of the circles at each vertex happens 
to coincide with the increasing order of colors, then what we have obtained 
is a true circle constellation. It is the limit of the above family and hes in the 
nonsmooth part of the space of gluings. If, on the contrary, the cyclic order 
of circles at at least one vertex differs from the increasing order of colors, 
then the above family has no limit. This accounts for the noncompactness 
of the space of gluings. 

Now we can introduce the volume measure. Consider the lengths of arcs 
Aj, 1 < i < (i that form a set of local coordinates on the smooth part of the 
space of gluings. Consider the differential form dXi A ... A dX^- If we change 
the numbering of the arcs, this differential form will either change its sign or 
remain unchanged. Thus its absolute value is a well-defined volume measure 
on the space of gluings. We let the measure of the nonsmooth part be equal 
to 0. 

If we now consider the space of circle constellations whose vertices are not 
numbered, it is obtained from the above space of circle constellations with 
numbered vertices by factoring by a finite group action (the renumbering 
of the vertices). Therefore it is also a smooth manifold with singularities. 
The volume measure being indepenent of the numbering of the vertices, it 
descends to the factor space, o 
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In the sequel we will also consider spaces of circle constellations with a 
fixed number of marked points on the circles. An obvious modification of the 
above construction shows that these spaces are also smooth manifolds with 
singularities and that they are endowed with a natural volume form. To see 
that, it suffices to cut every circle into arcs not only at the points where it is 
glued to other circles, but also at the marked points. 

Now we arc going to compare the number of constellations composed of 
a given set of polygons and the volume of the space of circle constellations 
composed of a given set of circles. 

Suppose we arc given a set of polygons colored in k colors and a set 
of circles colored in k colors. For each color, there is the same number of 
polygons as of circles. Denote by riij be the number of sides of the jth polygon 
of color i and by lij the length of the jth circle of color i. We assume that 
polygons of the same color and number of sides are labeled, so that all the 
polygons arc distinguishable. Similarly, the circles of the same color and 
lengths are labeled, so that all the circles are distinguishable. 

Consider all constellations and circle constellations of genus g with p faces. 
Denote by P{nij) (respectively Qikj)) the number of constellations (respec- 
tively the volume of the space of circle constellations) hke that composed of 
the above set of polygons (circles). Finally, let m be the total number of 
polygons (circles) and d — Ag — 4 + m + 2p. 

Theorem 8 P is a polynomial in the variables Uij of degree d. Q is a homo- 
geneous polynomial in the variables lij of degree d. Moreover, Q is obtained 
by taking the top degree homogeneous part of P and substituting lij for Uij . 
In particular, if we substitutes n^j for Lij in Q{lij), we obtain an asymptotic 
of the numbers P{nij) for large Uij. 

Proof. Suppose a constellation is given. We call the topological type of the 
constellation the following information. First, for each polygon we retain 
the number of vertices at which it is glued to some other polygons. Second, 
enumerating these vertices in the cyclic order in which they appear on the 
polygon, we hst, for each vertex, the polygons that are glued to it. The 
information that we do not retain is the number of edges that lie between 
the listed vertices. 

It is easy to see that the number of constellations of a given topological 
type is a polynomial in the Uij. Indeed, suppose that the jth polygon of color 
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i is glued to other polygons at kij vertices. Then there are 




ways to choose these vertices on the polygon. The total number of constella- 
tions of a given topological type is equal to the product of the above numbers 
over all the polygons (because the choices of the vertices are independant for 
different polygons). The top degree terms are obtained from the topological 
types in which no 3 polygons share a common vertex. 

A topological type of a circle constellation is defined in exactly the same 
way as for constellations: for each circle we list the points at which it is 
glued to other circles and the circles that are glued at each of these points; 
the lengths of arcs between these points are not retained. 

If in a topological type at least 3 circles share a common point at least 
once, than such a type determines a sub-manifold of the space of gluings of 
positive codimension. Therefore its contribution to the total volume is 0. 
If, on the other hand, no 3 circles share a common point, the topological 
type determines a component of the space of gluings with nonzero volume. 
As above, denote by kij the number of points on the jth circle of color i at 
which it is glued to other circles. The volume of the space of choices of these 
points equals 

ik, - 1)! ■ 

The volume of the whole component determined by the topological type is 
the product of these numbers over all circles. 
Since taking the top degree term of 




and replacing Uij by kj gives us precisely 



{k., - 1)! ' 

the theorem follows, o 

Example 9 Suppose we are given 3 polygons (circles) of different colors and 
with numbers of sides ni, n2, (respectively with lengths /i, I2, h). Then 
we have P = rii + n2 + — 2, Q = li + I2 + I3 (see Examples and [Tsl) . 
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Theorem 10 The volume of the space of circle cacti glued from k circles of 
pairwise distinct colors and with lengths li, . . . ,1^ is equal to 

(/! + ... + 

Example 11 Let k = 3. Then the three circles are necessarily glued to- 
gether in a chain. Suppose the circle number 1 is in the middle (Fig. 




Figure 2: A circle cactus with 3 circles. 



Then the length A of the arc between the points at which it is glued to 
the circles 2 and 3 can vary from to /i. Thus the component of the space 
of gluings that corresponds to the first circle being in the middle has volume 
li. Similarly, there are two more components with volumes I2 and I3. The 
total volume of the space of circle cacti is equal to h + h + h- 



Proof of Theorem |10| . We are going to describe a volume-preserving 
tranformation that allows one to reduce by 1 the number of circles (and of 
colors) by merging two circles into one and adding their lengths. On the 
new circle cactus thus obtained one point will be marked, so that the initial 
circle cactus can be recovered from the new one. After applying this merging 
procedure k — 1 times, we will obtain a unique circle of length li + . . . + 1^ 
with k — 1 marked points. The space of possible markings will thus have the 
same volume as the space of circle cacti, and this volume is equal to 



(/i + . . . + / 



k 



\k- 
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We start by making a list of the lengths li, . . . ,1^. They will be needed 
to reverse the merging procedure. 

Suppose we want to merge the circle of color 1 with the circle of color i. 
This merging is shown in Figure |^. 




Figure 3: Merging two circles. 



Since the circle cactus has no cycles, there exists a unique path of circles 
leading from the 1st to the ith circle. Denote by A and B the points of the 
1st and ith circles respectively, at which this path begins and ends. Now we 
cut our circle cactus in two at the vertex B. The ith circle and all circles 
attached to it belong to one part, while the other circles belong to the other 
part. This cutting is not well defined when more than two circles meet at 
the point B, but the subspace of such circle cacti has zero volume, so it 
does not matter for us. We then take the part containing the ith circle and 
"open" it at the point B (so that the ith circle is transformed into an oriented 
arc). Then we similarly open the 1st circle at the point A, obtaining another 
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oriented arc. The path that leads from A to B remains attached to the end 
(and not the beginning) of this arc. Finally, we glue the two arcs together 
at their endpoints. The circles 1 and i have merged into a single circle. We 
mark by the number i the point that was called B before. 

It is easy to see that this operation can be reversed without ambiguity 
(except on the zero- volume set, where the point S is a common point of two 
or more circles). During the inverse operation the circle of color 1 is cut in 
two arcs of lengths /i and /«. Then the arcs are closed to form two circles, 
and, finally, one of them is moved to the marked point labeled by i. 

Performing this merging procedure for all i from 2 to A; we end up with a 
single circle of length li + . . . + 1^ with k — 1 points marked by numbers from 
2 to k. From this marking we can recover the initial circle cactus, so it can 
be considered as an encoding of the circle cactus. 

Thus the volume of the space of circle cacti is equal to 

{h + ... + 

o 

As a by-product of our considerations we obtain a new proof of the Cayley 
formula. 

Corollary 12 The number of trees with k numbered vertices is equal to k'''~^. 

Proof. Let us replace every vertex of a tree by a circle of length 1 and glue 
circles together iff the corresponding vertices are joined by an edge. It is easy 
to see that to every tree with numbered vertices corresponds a component of 
the space of circle cacti whose volume is equal to 1. Since the total volume 
of the space of circle cacti is fc'^"^, there are k^'"^ components and thus /c^^^ 
trees, o 

Now we will find the volume of the space of circle cacti in the case when 
several circles may have the same color. Suppose we are given k unordered 
hsts of lengths (a hst for each color) . Denote by /j the sum of lengths of circles 
of color i, hy I the sum of lengths of all the circles, and by the number 
of circles of color i. Further, denote by |Autj| the number of permutations 
of the circles of color i that preserve their lengths (for example, if among 
the circles of color i 3 have the same length and all the other lengths are 
different, then |Autj| = 6). 
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Theorem 13 /n the above notation, the volume of the space of circle cacti 
glued from the circles of given lengths is equal to 

^ // 7 \mi — 1 
ik-2 TT \^ '■iJ 

11 |Aut.| • 

Proof. We are going to apply again the merging procedure shown in Fig- 
ure 0, but this time to circles of the same color. 

The first thing we do, is to make all the circles of the cactus distinguish- 
able by labeling (in an arbitrary way) the circles that have the same color 
and length. The number of different labelings of the circles of color i is equal 
to |Autj|. 

After fulfilling the merging procedure as many times as possible, we will 
obtain a circle cactus with only one circle of every color. Some points on the 
circles of this circle cactus will by marked by dots of different colors in such 
a way that a dot never lies on the circle of the same color. 

The final circle cactus and the marking allow one to recover the initial 
circle cactus without ambiguity. 

Finally, the volume of the space of markings of any circle cactus with only 
one circle of each color (and with given lengths of the circles) equals 



\mi-l 



(l-k 

i=l 

because the — 1 marked points of color i lie on the circles of colors different 
from i, whose total length is / — Zj. 

Thus the total volume of the space of circle cacti whose circles of the 
same color and length are labeled, is equal to the product of the volume l^~'^ 
(given by Theorem |T^) and of the above volume of the space of markings. In 
order to obtain the volume of the space of circle cacti with circles without 
labeling, we divide this product by the number 

k 

lAutil 



of labelings. The final result is 



ik-2 



n 



fj ii- UY 

11 |Aut. 
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3 Enumeration of cacti 



The two first theorems of this section were first proved by Goulden and 
Jackson (see [§]) using the Lagrange inversion theorem; then it was reproved 
by Lando and the second author by algebro-geometric methods (see [^]). 
Here we give elementary proofs. These proofs almost repeat the proofs of 
the two parallel theorems on circular cacti in the previous section (actually, 
the copy/paste procedure was used). The difference is that now we must be 
careful in counting the cases where several polygons are glued together at the 
same vertex, while in the case of circles such gluings formed a zero-volume 
set. 

Theorem 14 Consider the cacti composed of k polygons with, respectively, 
ni, . . . , rifc sides, and whose colors are all different. Denote 

n = 'n.i + ... + ?7,fc — + 1 

he the total number of vertices in such a cactus. Then the number of such 
cacti is equal to n'^~'^ . 

Example 15 Suppose there are 3 polygons with ni, n2, and sides re- 
spectively. If the polygon number 1 is in the middle, the number u of edges 
lying between the 2nd and the 3rd polygons can vary from to ni — 1 (see 
Figure H). 

Thus there are ni possible cacti with the 1st polygon in the middle. 
Similarly, there are n2 cacti with the 2nd polygon in the middle and n^, 
cacti with the 3rd polygon in the middle. But the cactus in which the three 
polygons share a common vertex has been counted three times. Thus the 
total number of cacti is rii + n2 + ^3 — 2 = n. 



Proof of Theorem |1J. We are going to describe a procedure of a re-gluing 
of the cactus that allows one to reduce by 1 the number of polygons (and of 
colors) by merging two polygons into one. On the new cactus thus obtained 
we will mark one vertex, so that the initial cactus can be recovered from the 
new one. After applying this merging procedure k — 1 times, we will obtain 
a unique polygon with n vertices, k — 1 oi which are marked. Such polygons 
will thus be in a one-to-one correspondence with the cacti, and their number 
is equal to n^'"^. 
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First of all, we make a list of the numbers that will be needed to reverse 
the merging operation. 

Let us describe how to merge the polygon of color 1 with the polygon of 
color i. This merging is shown in Figure |^. 

Consider the path of polygons leading from the 1st to the ith polygon (it 
is unique because the cactus has no cycles). Denote by A and B the vertices 
of the 1st and ith polygons respectively, belonging to this path. Now we cut 
our cactus in two at the vertex B. The ith polygon and all polygons attached 
to it at vertices different from B belong to one part, while the other polygons 
belong to the other part. We then take the part containing the ith polygon 
and "open" the vertex B (so that the ith polygon is transformed into a broken 
line). Then we erase the edge of the 1st polygon that follows the vertex A in 
the counterclockwise direction (thus the 1st polygon is also transformed into 
a broken line). Finally, we glue the two broken lines together at their free 
ends. The polygons 1 and i have merged into a single polygon. We mark by 
the number i the vertex that was called B before. 

It is easy to see that this operation can be reversed without ambiguity 
and that it preserves the total number of vertices. When we reverse the 
operation, we cut the 1st polygon at one its vertices, so as to obtain a piece 
with Til — 1 edges and a piece with rii edges. The first piece is then closed 
with an additional edge, while the second piece is closed by gluing together 
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Figure 5: Merging two polygons. 



its ends. The second polygon is then moved to the marked point with label i. 

Performing this merging procedure for all i from 2 to /c we end up with a 
single polygon with n vertices, some of which are marked by numbers from 
2 to /c (a vertex can be marked by several numbers simultaneously). From 
this marking we can recover the initial cactus, so it can be considered as an 
encoding of the cactus. 

Thus the number of such cacti is n''~'^. o 

To a fc-cactus we can assign a list X = {Xi, . . . , Xk) of k partitions of the 
number of its vertices. Their entries are all greater than or equal to 2. The 
entries of the partition Xi are simply the numbers of sides of the polygons 
colored in the color i. 

Definition 16 The list X will be called the passport of the cactus. 

Let X be a partition whose all entries are greater than or equal to 2 and 
suppose that the entry 2 appears 02 times, the entry 3 appears 03 times, etc. 



14 



Then we define the number of automorphisms of X to be 

|AutX| = 02103! 

Cacti whose polygons are not necessarily of distinct colors may possess 
nontrivial symmetries. A symmetry of a cactus is a one-to-one map from the 
sets of its vertices and edges to themselves preserving adjacency and colors. 
Every cactus will be counted with the weight l/|Sym|, where |Sym| is its 
number of symmetries. 

Theorem 17 Let X = (Xi, . . . , X^) he a passport. Denote by pi the number 
of entries of the partition Xi and by Ui the sum of these entries. Let n be the 
total number of vertices of a cactus with passport X. 

Then the number of such cacti, each cactus being counted with the weight 
l/\Sym\, is equal to 



^{n-ni-pi)\ \kv,tXi 



Proof. We are going to apply again the merging procedure shown in Fig- 
ure H, but this time to polygons of the same color. 

The first thing we do, is to make all polygons of the cactus distinguishable 
by labeling (in an arbitrary way) the polygons that have the same color and 
number of sides. The number of different labelings of the polygons of color i 
is equal to |AutXj|. 

After fulfilling the merging procedure as many times as possible, we will 
obtain a cactus with only one polygon of every color. Some vertices of this 
cactus will by marked by dots of different colors and these markings will 
satisfy two conditions: first, a vertex marked by a dot of color i does not 
belong to the polygon of color second, a vertex cannot be marked twice by 
dots of the same color (although it can be marked several times by dots of 
different colors). 

The final cactus and the marking allow one to recover the initial cactus 
without ambiguity. 

Finally, any cactus with only one polygon of each color (and with given 
numbers of sides of the polygons) has the same number of possible markings 
equal to 

-rr {n-ni)\ 
(n - ni-pi)V 
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On the other hand, the number of cacti whose all polygons are of different 
colors is equal to n^"^ (Theorem p!4D. Multiplying this number by the number 
of markings, we obtain the number of cacti with passport X and with labeled 
polygons. In order to obtain the number of cacti with no labeling of polygons, 
we divide this product by the number 

k 

Y[\AntX,\ 

1=1 

of labelings. 

We obtain that the number of cacti with passport X is equal to 



{n-rii- |AutXi| ' 

o 

Now we are going to consider the case of a rational function on the Rie- 
mann sphere with two poles: one of order n and one simple. The case of 
rational functions with 2 poles was first studied by V. Arnold in If we 
put the poles at oo and respectively, the function will take the form 

2" + ai^;"-^ + . . . + ao + - 

z 

(by a change z ^ az the leading coefficient can be chosen to be equal to 1). 
Counting the number of rational functions in this case is equivalent to find- 
ing the multiplicity of the Lyashko-Looijenga map on the strata of the D„ 
singularity (see 0). We will study only the case where each critical value 
has only one critical point (and several non-critical points) as its preimage. 
This corresponds to constellations with polygons of distinct colors. First, let 
us see what kind of constellations correspond to the rational functions of the 
above form. 

Definition 18 A {l,n) -constellation is a constellation with n + 1 vertices 
satisfying the following conditions. Its natural embedding surface is a sphere. 
The exterior of the polygons of the constellation on the sphere consists of 
two cycles. In one of these cycles, called the small cycle, the colors of all 
the edges are distinct and their cyclic order is the inverse of the cyclic order 
of the colors. (The small cycle does not necessarily contain polygons of all 
colors.) 
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Riemann's existence theorem implies that any (1, n)-constellation deter- 
mines a rational function of the form 



z + axz 



,n— 1 



h 

+ . . . + ao + - 



z 



uniquely, up to a change of variables z^ ez^ where e is an nth root of unity. 
The interior of the small cycle on the sphere contains the simple pole of the 
function. 

Theorem 19 Suppose a set of k polygons of distinct colors is given. The 
number of {l,n)- constellations glued from these polygons is equal to 



Proof. First let us prove that the number of (1, n)-constellations of the 
above form is equal to 



p>2,q>0 
p + q < k 

Here the second sum is taken over all choices oip + q polygons among k, and 
m is the total number of vertices in these polygons. 

Indeed, the number p is the number of polygons that form the small 
cycle. The number q is the number of polygons that do not belong to the 
small cycle, but have a vertex lying on it. We are going to construct a (1, n)- 
constellation together with its embedding into the sphere. First we choose 
the numbers p and q, then p + q polygons among the k. Then we choose the 
p polygons that will form the short cycle, which explains the factor {^^'^)- 
There is a unique way to arrange these p polygons into a cycle respecting the 
inverse cyclic order of colors. 

Now we must glue each of the q polygons to a vertex of the small cycle 
respecting the cyclic order of colors at each vertex. Since each of the q poly- 
gons must remain in the exterior part of the short cycle, there is exactly one 
vertex of the short cycle where it cannot be glued. Once we have chosen the 
vertices to which the q polygons will be glued, their cyclic order is automat- 
ically determined. Thus there are {p — iy ways to glue the q polygons. The 



{k - l)n' 



fc-2 




k—p—q—1 
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obtained graph has p vertices lying on the small cycle and m — 2p — q "ex- 
terior" vertices. If, in the total (1, n)-constellation, we replace this subgraph 
by a unique polygon with m — 2p — q vertices, we will obtain a cactus. Con- 
versely, starting with a cactus containing a {m — 2p — g)-gon, we can replace 
this {m — 2p — g)-gon with the graph that we have constructed above and 
obtain a (1, n)-constellation. Therefore we just need to multiply the number 
of the above graphs by the number of cacti given by Theorem |14|: 

{n - p + 

This immediately gives the formula 



■p- 



P > 2, g > 
p + q < k 

Now note that the only factor in this formula that depends on the choice 
of the p + q polygons (and not only on the numbers p and q) is the factor 
m — 2p — g. Therefore we can rewrite the sum as follows: 

P > 2, g > 
p + q < k 

Here the second sum is again taken over all the choices of p + g polygons 
among the k, and m is the total number of vertices in these polygons. The 
second sum can now be evaluated; it is equal to 

k \ [{n + k + l){p + q) 



p + q 



2p — q 



k 

Indeed, the total number of vertices in all the polygons is equal to n + k + 1. 
Therefore the average number of vertices in p + g polygons is equal to 

{n + k + l){p + q) 
k ■ 

Substituting the value of the second sum in the initial expression, we 
obtain that the number of (1, ?T,)-constellations is equal to 

I E ^,^uf^^p_., iP-irin-p+l)'-'-'-'[np+nq+p+q-kp]. 

P > 2, g > ' ' 

p + q < k 
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This expression depends only on n and k, but not on the set of polygons that 
compose the (1, n)-constellation. 

It can be evaluated by elementary but heavy computations. First we fix 
p and carry out the summation over q. Using the formulas 

and 

^^rx"" = mx{l + a;)™, 

one gets 

-IgQ [np + p-kln^-'. 

Now, using once again the same two formulas, the summation can be carried 
out over p, and it gives 

o 



4 Matrix integrals 

In this section we show how to write a matrix integral that gives a generating 
function for the volumes of spaces of circle constellations glued of a given set 
of colored circles. 

4.1 Matrix models and the Wick formula 

First, let us briefiy introduce the physical vocabulary concerning matrix mod- 
els and one result that we will need: the Wick formula. For an accessible 
introduction to matrix models see [0. Multi- matrix models are well explained 
ini. 

Let E he a. real vector space (in our case it will be the space of fc-tuples of 
matrices of a special form). It is called the space of states of the model. To 
every point x of E, we assign a nonnegative number H{x), called the energy 
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of X. (In our case H will be a quadratic form on E.) The partition function 
of the model is defined by 



e 



E 



It can be thought of as the number of states of the model, each state counted 
with the weight exp(— | H). For any function / defined on E, its expectation 
value is given by 

In the case when if is a positive definite quadratic form on E, the Wick 
formula allows one to calculate the expectation values of polynomial functions 
on E. Denote by H^^ the symmetric bilinear form, dual to H, on the dual 
vector space E*. (If we choose a basis of E and the dual basis of E*, then 
the matrix of is the inverse of the matrix of H.) Let Ai, . . . , A„ G E* be 
n linear forms on E, and / = Ai . . . A„ their product. Then the expectation 
value of / equals if n is odd and, if n is even, it is given by the Wick 
formula: 

(/)= E n H-\\,,x,), 

parings of {i,...,n} pairs {ij} 

where a pairing is a way to divide the indices 1, . . . ,n into n/2 unordered 
pairs. 

Let E be the real vector space oi N x N hermitian matrices and let the 
energy of a matrix M equal H{M) = NTtM"^. Let 

(iVTrM/l)^-i (iVTrMV2)'^2 (NTiMP/p)''^ 



.p. 



Then the Wick formula allows one to show that the expectation value of / 
equals 

|Sym| 

Here the sum is taken over all not necessarily connected embedded graphs 
with ki vertices of degree 1, /c2 vertices of degree 2, . . . , kp vertices of degree p. 
|Sym| is the number of automorphisms of the graph, and x is the Euler 
characteristic of the surface into which it is embedded. 

The last result and the Wick formula are proved, for example, in O. 
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4.2 Expressing the volume of the space of gluings via 
matrix integrals 

Now we will show that the problem of computing the volume of the space of 
gluings of circles can be reduced to a matrix model with k matrices. 

We will therefore need a more elaborate version of the results reviewed 
in the previous subsection. This version is fit for colored graphs. The space 
E will be the space of fc-tuples of matrices {Ai, . . . ,Ak) of a special form (a 
matrix per color). The quadratic form H will encode the information that 
only vertices of distinct colors can be joined by an edge. 

According to the Wick formula, the quadratic form that allows only ver- 
tices of different colors to be joined by edges satisfies 

H-^ = TiAiAj. 

The choice of the space E is a consequence of this choice of H. More precisely, 
consider the complex vector space Ec of A;-tuples of complex matrices N x N. 
Then E is its unique real subspace such that (i) E (S)^ C = Eq and (ii) the 
restriction of if on is a real positive definite quadratic form. 

Suppose we are given a set of circles colored in k colors and endowed with 
lengths. We suppose that the circles of the same color and length are labeled, 
so that all the circles are distinguishable. Denote by Uj the length of the jth 
circle of color i. We are interested in the following generating function: 

F{N,kj) = ^Vol(C)Ar>^(^). 

c 

Here the sum is taken over all topological types C (see the proof of The- 
orem ^) of circle constellations that are not necessarily connected, but do 
not have isolated circles. Vol(C) and x{C) are, respectively, the volume of 
the space of circle constellations of the given topological type, and the Eu- 
ler characteristic of the (not necessarily connected) surface into which the 
constellation is embedded. Actually, we take into account only the topolog- 
ical types such that three circles never share a common point, because the 
contribution of the other topological types to the volume vanishes. 

The generating function F is a series in the variables N and kj. The 
powers of that appear in F are both positive and negative, but bounded 
from above. The powers of the kj are positive. Suppose a term of F contains 
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lij to the power d — 1. We will soon see that it takes into account only the 
volume of those components of the space of circle constellations, on which 
the jth circle of color i touches d other circles. In other words, looking at 
each term of F we can say how many vertices each circle contains. Therefore 
we can also deduce the number of faces of the circle constellation. 

We will express F using a matrix model with the following space state E 
and energy H. 

Let E be the space of fc-tuples of matrices Ai,...Ak such that for all 
i, Ai = X + Yi, where X is a hermitian matrix and Yi are skew-hermitian 
matrices satisfying ^Yi — 0. We identify the space E with its dual E* using 
the symmetric nondegenerate (but not positive definite) bilinear form 

((^1, ...,Ak)\ (Si, . . . , B,)) = Tr {A,B,) + . . . + Tr (AkBk). 

More generally, to any symmetric kxk matrix S we can assign a bilinear 
form on E given by 

k 

Sjj Tr (Aj74j), 

where Sij are the entries of S. 

Denote by / the unit kxk matrix and by J the kxk matrix whose all 
entries are equal to 1. The energy function H on E is given by the quadratic 
form associated to the matrix 

J-{k-l)I 

Thus the dual quadratic form is given by the matrix J — I. 
Proposition 20 Both quadratic forms H andH^^ are positive definite onE. 

Proof. The quadratic form associated to the matrix J is 

^ Tr {X+Yi){X+Yj) = k^ TrX^+2kTrX{Yi + . . Tr (Fi + . . . + Yk)^ 

^k'^TrX^, 

because Yi + . . . + Yk — 0. 
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The quadratic form associated to the matrix I is 

^ Tr (X + Yi}"^ = kTiX^ + 2 Tr X(Fi + . . . + Yfc) + ^ Tr 

i i 

= fcTrX2 + ^ TrF/. 

i 

Substituting these formulas in the expressions for H and H^^ we obtain 
H{A,,...,A,) = ^(^kTTX'-{k-l)J2T^^y'^ ; 

and 

H-\A,, ...,A,) = k{k- 1) TiX^-J2 Tr F/. 

i 

Now, for a nonzero hermitian matrix X, we have TrX^ > 0, while for a 
nonzero anti-hermitian matrix Y, we have TiY^ < 0. It follows that both 
H and are positive definite, o 

Now we give an expression of the function F defined in the beginning of 
this subsection. Denote by dX a Lebesgue measure on the vector space E. 
(It is unique up to a scalar factor and we fix this factor once and for all.) 

Theorem 21 The generating function F is given by 



FiN,kj) 



I n(^iVTr ^'"^;-l ^ e~l^^dX 



where the integrals are taken over the space E. 

More precisely, for any positive values of the lij and for any positive 
integer N , both the integral above and the series F converge and their values 
are equal. 



Proof. First let us replace every constellation by the following dual picture 
(see Figure ^). Put a vertex in the center of each circle. Whenever two circles 
have a common point, draw an edge trough this common point, connecting 
the two corresponding vertices. Thus we obtain a graph embedded into the 
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surface E. This opertion is well-defined whenever no three circles of the 
circle constellation share a common point, i.e., it is well-defined outside a 
set of measure 0. The vertices of this graph are colored in k colors, and a 
number lij is assigned to each vertex. Each graph determines a component 
of the space of gluings of circles. Further, for a given gluing of circles, we can 
assign a number to each "angle" between two edges issued from the same 
vertex of the graph. This number is the length of the part of the circle that 
lies between the two corresponding gluing points. 



Figure 6: Replacing a constellation by its dual. 



The sum of numbers surrounding a vertex is equal to the number lij 

assigned to this vertex. If there are d edges issued from this vertex, the 
number /.y must be divided into d parts. The volume of the space of such 
divisions equals 

]d-l 

— »j 
{d-l)\- 

If we consider a particular graph G, the volume of the corresponding com- 
ponent in the space of gluings of circles equals 

n 

vertices of G 
The volume of the total space of gluings is 

G 
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Consider k matrices Ai, . . . , A^. oi size N x N. Each matrix corresponds 
to vertices of a given color. Consider the quadratic form 



= J] Tr iAA,) 

on the space of the A;-tuples of matrices. The form is chosen in such a 
way, that when we apply the Wick formula, it would tell us that we can join 
by edges any vertices of different colors, but not vertices of the same color. 

Now wc want to enumerate graphs with colored vertices and a number 
lij attached to each vertex of color i. If the vertex is of degree d, it will be 
attributed a weight of 

jd-l 



Thus, in the matrix model, such a vertex corresponds to a term 



N 



d 



Since the degree of each vertex can be arbitrary, and we want to take into 
account all graphs with all possible degrees of vertices, we must assign to a 
vertex of color i and with number lij the following sum 

j^(d-l)! d kj 

Multiplying such factors for all vertices and taking the expectation value of 
the product we obtain the integral from the statement of the theorem. 
It remains to prove that the operation of taking the infinite sum 

E Tr {IjjAjY 
d\ 

d=l 

commutes with the integration. To prove that, note that all the partial finite 
sums 

^ d\ 
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are bounded by the same function 



where \Ai\ is the sum of absolute values of the coefficients of the matrix Ai. 
This bound follows from the fact that the eigenvalues of Ai are bounded 
by \Ai\. On the other hand, the product of a finite number of functions 



is integrable with respect to the measure 

because if is a positive definite quadratic form, while \Ai\ increases only 
linearly with Ai. It follows that the integral in the statement of the theorem 
converges and is equal to the infinite sum of integrals that compute individual 
terms of the series F. Therefore the series F itself converges to the same value 
as the integral, o 

4.3 Computation of the integral 

We have been able to compute the integral of Theorem ^ only for = 1. 
Therefore the graphs corresponding to surfaces S of different Euler charac- 
teristics are enumerated together. 

More precisely, suppose as above that we are given a set of circles colored 
in k colors and endowed with lengths kj. Denote by f{lij) the generating 
function obtained from F{N, Uj) by setting = 1. If we fix the lengths Uj 
of the circles, the value of / is the sum of volumes of the spaces of circle 
constellations on all compact surfaces. The constellations (and therefore the 
surfaces) are not necessarily connected, but do not contain isolated circles. 

In the case = 1, the space E is the space of /c-tuples of complex 
numbers (ai,...,afc) of the form aj = x + iyj, where x and yj are real 
numbers, YlVj ~ 0- The quadratic form H^^ becomes 



H 



-1 




Theorem 22 



/ 



1 




(-1) 



Vi\ + ... + \Vk 




choices of Ui, Vi 
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1 2 



Fi gure 7: The four graphs that contribute to the term | ^^s\. 



Here the sum is taken over all possible ways to divide the circles of each color 
i in two groups Ui and V^. \Vi\ is the number of circles in the group V-i. Li is 
the sum of lengths of circles in the group Ui. 

Example 23 Suppose we have two colors and two circles of each color. The 
lengths of the circles of color 1 are li^W-, those of the circles of color 2 are 
Si, S2. Then we have 



/ 



I1I2S1S2 



3 

2 + -(/iSi+/iS2+/2Sl+/2S2) + 

- (Zjs^ + /^S2 + /2'5l + ^2"52) + (^1^2'Si+^l/2'S2 + ^l'5l'52 + ^2 '5l'S2) + -^1^2'SlS2 



+ 

For instance, the term 



+ . . . 
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corresponds to the four graphs in Figure |^. In the figure we have drawn the 
graphs dual to the constellations, rather than the constellations themselves. 
They have two vertices of color 1 with valencies 1 and 3, and two vertices of 
color 2, also with valencies 1 and 3. 

Each of these graphs corresponds to a component of the space of constel- 
lations. For the two last graphs, the volumes of these components equal 

llsl 
2! 2!' 
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The first two graphs have an additional symmetry group of order 3, so their 
components have volume 

IJlsl 
3 2! 2!' 

They add up to 

!M(l + l + l + l) = 2^2^2_ 

4 ^ 3 3^ 3 ^ ^ 

Proof of the theorem. Let us rewrite the integral to be computed for 
N ^l: 



jg-|i/(ai,...,afc) fix 



Lemma 24 For any positive definite quadratic form H and any linear form 
A on E, we have 

j^e-'^Hi^Ux 

This is a reformulation of the fact that the Fourier transform of a Gaussian 
function is the Gaussian function corresponding the the dual quadratic form. 

o 

Consider the product 

JJ(e''^"' - 1) 

in the numerator of the integral expressing /. Expanding this product we 
choose either the term 

or the term —1 in each parenthesis. Thus for every i, the circles of colour i 
are divided in two groups: we put a circle in the group C/j if we have chosen 

in the corresponding factor, and in the group Vi if we have chosen —1. Now, 
the product of any finite number of terms 
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is the exponent of a linear form on the space E. Therefore for each choice of 
terms we obtain an integral as in Lemma |2^. Each of them can be calculated, 
and their sum is given in the statement of the theorem, o 
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